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We examine the partile prodution during tunneling in quantum osmology. We
onsider a minisuperspae model with a massive, onformally oupled salar eld and
a uniform radiation bakground. In this model, we onstrut a semilassial wave
funtion desribing a small reollapsing universe and a nuleated inating universe
(tunneling from something). We nd that the quantum states of the salar eld
in both the initial and the nuleated universe are lose to the adiabati vauum,
the number of reated partiles is small, and their bakreation on the metri is
negligible. We show that the use of the semilassial approximation is justied for
this wave funtion. Our results imply that the reation of the universe from nothing
an be understood as a limit of tunneling from a small reollapsing universe.
I. INTRODUCTION
A semilassial piture of quantum osmology based on the Wheeler-DeWitt equation
desribes tunneling from a state of vanishing size (tunneling from nothing) to a losed
inating universe. The proess of tunneling from nothing an be thought of as a limit of
tunneling from a losed reollapsing universe of very small but nonzero size to an inating
universe (tunneling from something). This paper ontinues the investigation of partile
reation during tunneling in quantum osmology. Coniting laims of exessive partile
prodution that invalidates the semilassial approximation [1, 2℄, on the one hand, and of
essentially no partile ontent in the nuleated universe [3, 4, 5℄, on the other hand, have
been advaned in the literature. Our intent is to resolve this long-standing ontroversy.
The proess of tunneling from a reollapsing universe sensitively depends on the quantum
2state of that universe. In the ompanion paper [6℄ we have shown that, at least in the ase of
a massless eld, the results of Rubakov et al. [1, 2℄ should be interpreted not as an indiation
of a large partile prodution but as a onsequene of an inadequate hoie of the initial
quantum state of the universe. A generi quantum state of the reollapsing universe will
ontain a superposition of various semilassial geometries. Some geometries in the super-
position do not desribe a nuleated universe but rather a universe that expanded from zero
size over the barrier without tunneling, beause it ontained a large number of partiles.
Other geometries in the superposition will desribe a nuleated universe with a small number
of partiles. One an hope to extrat well-dened partile numbers from a Wheeler-DeWitt
wave funtion only if it desribes a single semilassial bakground spaetime. However,
the proess of tunneling amplies the dierenes between branhes of the wave funtion. A
semilassial branh of the wave funtion desribing a universe with a large partile ontent
may be strongly suppressed in the initial reollapsing universe but may dominate the wave
funtion of the tunneling universe (beause it avoids being exponentially suppressed during
tunneling).
For a massless eld, there is a well-dened vauum and the partile prodution is absent
[7℄. The quantum state hosen by Rubakov [1℄ orresponds to a squeezed state with respet
to that vauum and onsists of an innite superposition of exited states with all possible
energies. Eah exited state is desribed by a branh of the wave funtion that has its
own semilassial geometry. As we showed in Ref. [6℄, one annot neglet the dierene
between these semilassial geometries if one onsiders the nuleated universe. We all this
phenomenon ritial branhing. We have shown that the atastrophi partile reation
found by Rubakov et al. is in fat a sign of ritial branhing that happens with their hoie
of the initial state. If one hooses the initial state to be the vauum, or any exited state
that is an eigenstate of the partile oupation numbers, then there is no branhing, and
the wave funtion desribes a single semilassial geometry.
The purpose of the present paper is to extend the analysis of Ref. [6℄ to the ase of a
massive eld. A nonzero mass m introdues important qualitative dierenes into the prob-
lem. First, a massive salar eld is nontrivially oupled to the time-dependent metri, and
there is neessarily some partile prodution. Even if one imagines starting the reollapsing
universe in a vauum state at early times, the eld will be in a superposition of states with
all possible oupation numbers at other times. Additional reation of exited states may
3our as a result of tunneling. Thus, it is not lear a priori that ritial branhing an be
avoided for any hoie of the initial state. Moreover, the denition of the vauum state for
a massive eld in an expanding universe is notoriously ambiguous; as a result, the number
of partiles is also subjet to ambiguity. In this paper we give a detailed analysis of these
issues.
The approah taken by Rubakov et al. [1, 2℄ was to dene the vauum state by diag-
onalizing the salar eld Hamiltonian at a moment of time. However, this proedure is
problemati sine it is known to give unphysial results for the partile density in some
ases [8℄. A well-motivated denition of vauum in a slowly hanging bakground geometry
has been developed by Parker and Fulling; it is the so-alled adiabati vauum [7, 9℄. An
adiabati vauum of k-th order is dened using a trunated asymptoti series obtained from
the WKB expansion. It has some dependene on the moment of time when it is dened and
on the order k at whih the series is trunated. The resulting unertainty is of order of the
k-th power of the adiabati parameter. On the other hand, it follows from our analysis in
[6℄ that an admissible state of the universe must be dened with an exponential auray
to avoid the ritial branhing. We need to speify a vauum state with a higher auray
than the denition of the adiabati vauum allows.
Our main result in this paper is a presription for onstruting a well-behaved semilas-
sial state of the universe whih does not exhibit ritial branhing. We show that this state
always exists and oinides with the adiabati vauum within the auray to whih the
latter an be dened. It also oinides with the anonially dened vauum in the massless
ase.
The paper is organized as follows. In Se. II we onstrut a family of well-behaved
semilassial wave funtions of the universe. We give a presription to selet a unique
quantum state that we all the Gaussian vauum. In this state the bakreation of produed
partiles is negligible and there is no branhing. We obtain approximate expressions for the
wave funtion of this state. In Se. III we give a partile interpretation of the Gaussian
vauum state. We show that the Gaussian vauum is indistinguishable from an adiabati
vauum state to all allowed orders of the adiabati expansion. In Se. IV we disuss our
results as well as the issues raised by Rubakov et al. We also ompare our results to those
of Bouhmadi-López et al. [10℄ who addressed some of the same issues. In the Appendies
we give tehnial details of the alulations and, in partiular, hek the validity of our
4approximations.
II. THE GAUSSIAN VACUUM STATE
We onsider a homogeneous losed FRW metri and an inhomogeneous massive onfor-
mally oupled salar eld. The lassial ation of the system is
S =
∫
d4x
√−g
{
R
16π
− 3
8π
H2
+
1
2
(∂µφ)
2 − 1
2
m2φ2 − 1
12
Rφ2
}
. (1)
Here R is the salar urvature and the parameter H represents the osmologial onstant.
We use the Plank units, G = ~ = c = 1. We assume H ≪ 1 and m ≪ 1 as a typial
physially motivated ase.
We expand the inhomogeneous salar eld in spherial harmonis on the 3-sphere,
φ(x, t) =
π
√
2
a(t)
∑
n,l,p
χnlp(t)Q
n
lp (x) . (2)
A resaling by the fator a(t) is done for onveniene. Below, only the index n will enter
the equations, and we suppress the indies l, p of the modes χnlp(t). The summation over
degenerate indies l, p spans l = 0, ..., n−1 and p = −l, ..., l and introdues an extra fator
n2 whih we shall insert in expliit alulations below.
The wave funtion of the universe depends on all modes χn of the salar eld, Ψ =
Ψ (a, {χn}). The Wheeler-DeWitt equation, after appropriate resalings [3℄, takes the form[
~
2 ∂
2
∂a2
− a2 +H2a4
]
Ψ
+
∑
n
[
−~2 ∂
2
∂χ2n
+ n2χ2n +m
2a2χ2n
]
Ψ = 0. (3)
Here and below we expliitly write the Plank onstant ~ ≡ 1 only as a formal bookkeeping
parameter, to larify the use of the WKB approximation.
In addition to the salar eld φ we now inlude a small amount of homogeneous radiation
with energy density
ρr = a
−4εr, (4)
where εr > 0 is a onstant parameter. Then the Wheeler-DeWitt equation is modied,[
~
2∂2
∂a2
− V (a) + εr +
∑
n
[
−~
2∂2
∂χ2n
+ ω2nχ
2
n
]]
Ψ = 0, (5)
5where we have dened
V (a) ≡ a2 −H2a4, (6)
ωn(a) ≡
√
n2 +m2a2. (7)
If restrited to the oordinate a, Eq. (5) is a stationary Shrödinger equation for a partile
in a potential.
A. Gaussian solutions of the WDW equation
In the ompanion paper [6℄ we have used the method of Refs. [11, 12, 13, 14℄ to nd
an approximate solution of Eq. (5). The solution may be found as a linear ombination of
Gaussian terms of the form
Ψ (a, {χn}) = exp
[
−S(a)
~
− 1
2~
∑
n
Sn(a)χ
2
n
]
, (8)
where S(a) and Sn(a) are funtions to be determined. The funtions Sn(a) must satisfy the
ondition that we shall all the regularity ondition,
0 < ReSn(a) < +∞ for all a, n. (9)
With this ondition, the Gaussian wave funtion of Eq. (8) is well-dened everywhere and
quikly deays at large χn. In Ref. [6℄ we have shown that a violation of the regularity ondi-
tion indiates a splitting of the wave funtion into deoherent branhes with marosopially
dierent semilassial geometries and dierent partile ontents (ritial branhing). A wave
funtion of the universe an be onsistently interpreted in terms of a lassial spaetime with
a quantum eld only if a single underlying semilassial geometry is present. Eah term of
the form (8) will desribe a single semilassial geometry if the regularity ondition holds for
its funtion Sn(a). Then the branhes of the wave funtion orresponding to eah suh term
will desribe independent, deoherent semilassial universes. Therefore we may impose the
regularity ondition on all terms of the form of Eq. (8) that omprise the wave funtion of
the universe.
6We now substitute the ansatz of Eq. (8) into Eq. (5) and obtain
(S ′)
2 − V (a)− ~S ′′ + ~
∑
n
Sn = 0, (10)[
S ′S ′n − S2n + [ωn(a)]2 −
~
2
S ′′n
]
χ2n
+
1
4
(S ′n)
2χ4n = 0. (11)
Our approximation onsists of disregarding the terms of order O(~) and O(χ4n); the ap-
pliability of this approximation is analyzed in Appendix B. We then have the following
equations for the funtions S(a) and Sn(a),
(S ′)2 − V (a) + εr = 0, (12)
S ′S ′n − S2n + ω2n = 0. (13)
It is lear that exp(−S/~) is a standard WKB wave funtion for a partile in a potential
V (a) with energy εr. For H
2εr ≪ 1 the turning points a1,2 are approximated by
a21 ≡
1−√1− 4εrH2
2H2
≈ εr, (14)
a22 ≡
1 +
√
1− 4εrH2
2H2
≈ H−2. (15)
If 4H2εr < 1 then a1 6= a2 are real and there exist two lassially allowed regions and a
lassially forbidden region (see Fig. 1). The physial piture of the resulting osmology is
the following. A small losed universe lled with radiation of energy density εra
−4
expands
until the maximum sale fator a1 and then reollapses to a = 0. An expanding universe
is reated with a sale fator a2 by tunneling through the potential barrier. If the WKB
approximation is valid, then the sale fator a is a semilassial variable and any monotoni
funtion of a an be used as a time oordinate in the two lassially allowed Lorentzian
regions. The turning point a = a2 orresponds to the beginning of time in the nuleated
expanding universe; the Eulidean region a1 < a < a2 does not orrespond to a lassial
universe. If H = 0, the seond turning point is absent (formally a2 → +∞) and there is
only one Lorentzian region 0 < a < a1.
We may rewrite Eqs. (12)-(13) as
S(a) = ±
∫ a√
V (a)− εr da, (16)
±
√
V (a)− εrS ′n = S2n − ω2n. (17)
7ε
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Figure 1: Tunneling from something: reation of an expanding universe by tunneling.
In the two Lorentzian regions [0 < a < a1 and a > a2℄ the square root in Eq. (16) as-
sumes imaginary values (with a positive imaginary part) and the upper sign denotes a wave
exp[−S(a)] traveling to the right, with
S(a) = i
∫ a√
εr − V (a) da. (18)
In the Eulidean region [a1 < a < a2℄ the square root in Eq. (16) is real and the upper sign
denotes an exponentially deaying mode exp[−S(a)] with
S(a) =
∫ a√
V (a)− εr da. (19)
We shall denote by Sn(a) and S
−
n (a) the solutions of Eq. (17) with the upper and the
lower signs respetively, omitting the
+
subsript in S+n (a) for brevity. If S(a) is given by
Eqs. (18)-(19), then a linear ombination
Ψ (a, {χn}) = C+ exp
[
−S(a)
~
−
∑
n
Sn(a)
χ2n
2~
]
+ C− exp
[
S(a)
~
−
∑
n
S−n (a)
χ2n
2~
]
(20)
is an approximate solution of the Wheeler-DeWitt equation. The oeients C± and the
solutions Sn, S
−
n must be hosen separately in eah of the three physial domains (two
Lorentzian regions and one Eulidean region). To math these solutions aross the turn-
ing points, we need to use the mathing onditions of Ref. [4℄. These onditions state,
in partiular, that the value of Sn must be ontinuous aross the turning points a1,2 and
moreover
lim
a→a1−0
Sn(a) = lim
a→a1−0
S−n (a) = lim
a→a1+0
Sn(a). (21)
8A similar mathing ondition must be satised at the seond turning point a2,
lim
a→a2−0
Sn(a) = lim
a→a2−0
S−n (a) = lim
a→a2+0
Sn(a). (22)
Due to the tunneling boundary ondition at a → +∞ (no wave traveling to the left) the
oeient C− for the region a > a2 must vanish and we do not need the branh S
−
n (a) in
that region. In addition to Eqs. (21)-(22) we require that the regularity ondition [Eq. (9)℄
holds for Sn(a), S
−
n (a). We shall refer to suh solutions of Eq. (17) as regular.
Note that the funtion S−n (a) does not have to be ontinuous at a = a1. This is beause
the branh with the lower signs [the seond term in Eq. (20)℄ is exponentially small at a = a1
ompared with the other branh and annot be kept in the WKB approximation.
B. Constrution of regular Gaussian solutions
Our task here is to obtain an expliit solution of
√
V (a)− εr dSn
da
= S2n − ω2n, (23)
subjet to the regularity ondition [Eq. (9)℄,
0 < ReSn(a) <∞ for all a. (24)
Here Sn(a) is in general a omplex funtion. Beause of mathing onditions, Sn(a) must
be ontinuous aross the turning points a = a1,2. Equation (23) is idential to Eq. (17); the
equation for S−n (a) an be obtained by hanging the sign of the derivative d/da in Eq. (23).
Following Refs. [11, 12, 13℄, we introdue the semilassial time variables: t in the las-
sially allowed regions and τ in the under-barrier region,
da
dt
≡
√
εr − V (a), a < a1 or a > a2, (25)
da
dτ
≡
√
V (a)− εr, a1 < a < a2. (26)
The variable t is the onformal time in a Lorentzian universe, while τ is the Eulidean
onformal time. Below we shall be using the variables a, t and τ interhangeably in the
appropriate ranges of a. Then Eq. (23) beomes
i
dSn
dt
= S2n − ω2n, a < a1 or a > a2, (27)
dSn
dτ
= S2n − ω2n, a1 < a < a2. (28)
9The equations for the other branh S−n of Eq. (17) are obtained by reversing the signs of
the time derivatives. The branh Sn orresponds to the wave traveling to the right in the
lassially allowed regions and to the deaying underbarrier branh in the Eulidean region.
To analyze the existene of solutions and to obtain approximations, it is onvenient to
transform the funtion Sn(a) and introdue an auxiliary funtion
ζn(a) ≡ Sn − ωn
Sn + ωn
. (29)
We imply that the pair of funtions S±n (a) is transformed into a pair ζ
±
n (a) but will often
omit the supersripts
±
for brevity. The simple transformation of Eq. (29) allows to use
the funtions S±n and ζ
±
n interhangeably. The funtion ζn(t) an be interpreted as the
instantaneous squeezing parameter [6℄ desribing a state of the mode χn that is related to
the vauum of the instantaneous diagonalization piture by a time-dependent Bogolyubov
transformation. However, for our purposes it is enough to regard Eq. (29) as a formal
transformation that simplies alulations.
The regularity ondition [Eq. (9)℄ is now equivalent to
|ζn(a)| < 1. (30)
This ondition is violated by |ζn| = 1 when ReSn(a) = 0 or by ζn = 1 when |Sn(a)| → ∞.
From Eq. (29) and the mathing onditions for Sn(a) it follows that the (omplex) funtion
ζn(a) must be ontinuous aross the turning points a1,2. From Eqs. (27), (28) we obtain the
equations for ζn(a) in eah region in terms of the onformal time variables,
d
dt
ζn = 2iωnζn − 1
2ωn
dωn
dt
(1− ζ2n), (31)
d
dτ
ζn = 2ωnζn − 1
2ωn
dωn
dτ
(1− ζ2n). (32)
Our goal now is to obtain a solution for ζn(a) satisfying the regularity ondition.
In Appendix A we derive some tehnial results onerning regular solutions of Eqs. (31)-
(32). In Appendix A1 it is shown that a solution ζn(a) is regular if |ζn(a2)| < 1, while the
solution ζ−n (a) only needs to be regular at a = a1 to be regular everywhere. From this it
follows that regular solutions of Eq. (17) always exist. For instane, one ould numerially
integrate Eq. (17) with the upper sign, starting at a = a2 with any value Sn(a2) suh that
0 < ReSn(a2) < +∞, and obtain a regular solution at a > a2 and at a < a2.
10
To build a perturbative expansion, Eqs. (31)-(32) an be rewritten as integral equations.
For instane, the funtion ζn(τ) in the Eulidean region, with an arbitrary boundary value
ζn(τ2), satises
ζn(τ) = ζn(τ2) exp
[
−2
∫ τ2
τ
ωndτ
]
+
∫ τ2
τ
ω˙n
2ωn
[
1− ζ2n(τ ′)
]
exp
[
−2
∫ τ ′
τ
ωndτ
]
dτ ′. (33)
This equation an be solved iteratively starting with ζn(τ) ≡ 0. A similar alulation is
performed for ζn(t) in the Lorentzian regions. In Appendix A2 we prove that the sequene
of iterations always onverges.
An important ase is an adiabati (slow) expansion of the universe. The adiabatiity
ondition is ∣∣∣∣ 1ω2n
dωn
dt
∣∣∣∣ = m2a
√|εr − V (a)|
(n2 +m2a2)3/2
≪ 1. (34)
Analyzing Eq. (34) with V (a) given by Eq. (6), we nd that it holds if n ≫ m/H or if
m≫ H . The only ase when the ratio of Eq. (34) is of order 1 is when n ∼ 1 and m ∼ H .
In Appendix A2 we also show under assumption of adiabatiity that there exist solu-
tions for whih |ζn(a)| is always small, of order |ω˙n/ω2n| ≪ 1, and obtain the following
approximations to general solutions [see also Eq. (A14)℄,
ζn(τ) = ζn(τ2) exp
[
−2
∫ τ2
τ
ωndτ
]
+
∫ τ2
τ
exp
[
−2
∫ τ ′
τ
ωndτ
]
ω˙n
2ωn
(τ ′)dτ ′, (35)
ζ−n (τ) = ζ
−
n (τ1) exp
[
−2
∫ τ
τ1
ωndτ
]
−
∫ τ
τ1
exp
[
−2
∫ τ
τ ′
ωndτ
]
ω˙n
2ωn
(τ ′)dτ ′. (36)
Here the given boundary values ζn(τ2) and ζ
−
n (τ1) must be suiently small, but are oth-
erwise arbitrary. Similar expressions hold for the funtions ζn(t) and ζ
−
n (t) in Lorentzian
regions.
Using the above approximations for ζn and ζ
−
n , we nd S
±
n and nd the Gaussian wave
funtion of Eq. (20). Calulations verifying the validity of the Gaussian approximation in the
neighborhood of χn = 0 and the validity of the WKB approximation for a regular Gaussian
11
solution are given in Appendix B. We onlude that the regular Gaussian wave funtion is
a valid approximation to an exat solution of the Wheeler-DeWitt equation.
C. Non-uniqueness of regular wave funtions
The solutions ζn, ζ
−
n of Eqs. (35)-(36) depend on the arbitrary boundary values ζn(τ2)
and ζ−n (τ1) respetively. The hoie of these boundary values is a priori onstrained only by
regularity and by mathing onditions. The mathing ondition ζn(τ2) = ζ
−
n (τ2) leaves one
free parameter in the resulting wave funtion.
However, this remaining freedom of hoosing a regular solution of Eq. (17) does not lead
to an appreiable variation in the resulting funtions S±n (a) in the Lorentzian regions. The
properties of Eq. (17) in the Eulidean region a1 < a < a2 are suh that, as long as the
regularity ondition holds, S−n (a2) is almost insensitive to the initial value S
−
n (a1), and in
turn, the value Sn(a1) is almost insensitive to Sn(a2). More preisely, the initial value S
−
n (a1)
may vary throughout a wide range but the nal value S−n (a2) is onstrained to be within an
exponentially small interval.
This an be seen diretly from Eqs. (35)-(36). For instane, the inuene of the boundary
ondition ζn(τ2) on the value ζn(τ1) is suppressed by an exponentially small fator
exp
[
−2
∫ τ2
τ1
ωn(τ)dτ
]
≡ exp [−2θb] . (37)
Here θb is in the notation of Appendix A2 [see Eq. (A5)℄. The quantity θb is never small
sine a ∼ H−1, V (a) ∼ H−2 and
θb =
∫ a2
a1
ωn(a)da√
V (a)− εr
∼
√
n2 +
m2
H2
. (38)
We nd that θb ≫ 1 when n≫ 1 or m≫ H .
Sine Sn(a2) = S
−
n (a2), the value Sn(a1) is also onstrained to a narrow interval. Small
hanges of boundary values of the funtions Sn(a), S
−
n (a) at the turning points a1,2 lead to
small hanges of their values in the Lorentzian regions. Therefore, dierent hoies of the free
parameter S−n (a1) yield only exponentially small hanges in the resulting solutions within
the Lorentzian universes. The width of the possible range of solutions within a Lorentzian
region is ∣∣∣∣∆Sn(t)Sn(t)
∣∣∣∣ ∼ exp(−2θb). (39)
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A physially interesting simple ase is that of a single losed universe, H = 0. In that
ase there is only one Lorentzian region 0 < a < a1 and the wave funtion in the Eulidean
region has only one branh, Sn(τ). In the limit H → 0, we nd θb → +∞. Therefore the
inuene of the boundary ondition Sn(a2) at a2 → +∞ is ompletely suppressed and the
value Sn(a1) is uniquely determined by regularity. Similarly, the regular wave funtion is
unique in the limiting ase εr → 0, also beause θb → +∞ [the integral in Eq. (38) diverges
near a = 0℄. [This onlusion does not depend on the adiabatiity ondition impliit in
Eq. (39); in Appendix A6 we prove the uniqueness of the regular solution under muh
weaker assumptions.℄ However, in the general ase (H 6= 0 and εr 6= 0) the wave funtion is
not uniquely xed by the regularity onditions alone.
D. Presription for a unique Gaussian vauum
In the previous setion we have found a one-parametri family of well-behaved Gaussian
wave funtions that an serve as vauum states. We may impose an additional onstraint
on the wave funtion to speify it uniquely.
The extra ondition is that the branh S−n (a) must be ontinuous aross the rst turning
point a1. Together with other mathing onditions this gives
S−n (a1) = Sn(a1). (40)
In Appendix A5 we show that this ondition is always satised by a unique pair of regular
solutions Sn(a), S
−
n (a). This proves the existene and uniqueness of the seleted state. We
shall all this state a Gaussian vauum.
We view the additional onstraint of Eq. (40) as a presription for dening a unique
regular vauum state. The wave funtion resulting from this presription has the advantage
that it agrees with the vauum obtained in Ref. [6℄ for the massless salar eld. All other
regular solutions obtained in Se. II C dier from the Gaussian vauum by an exponentially
small amount (in Lorentzian regions).
Note that the Gaussian vauum presription is not loal, sine it requires knowledge of
the behavior of the of the frequeny ωn(a) and of the potential V (a) everywhere under the
barrier.
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III. INTERPRETATION OF THE GAUSSIAN VACUUM AND PARTICLE
PRODUCTION
A semilassial Gaussian wave funtion is interpreted by making a transition from the
Shrödinger piture of minisuperspae to a QFT in urved spaetime [11, 12, 13, 15℄. Nat-
urally, this an be done only in a Lorentzian region where a semilassial spaetime exists.
One introdues the onformal time t via Eq. (25). The salar eld χ is anonially quantized
using the standard reation and annihilation operators an, a
†
n for the modes χn [here the
extra indies l, p of the modes are again suppressed for brevity, f. Eq. (2)℄. The ampli-
tude χn of the n-th mode is promoted to an operator χˆn and deomposed into reation and
annihilation operators,
χˆn(t) = anνn(t) + a
†
nν
∗
n(t). (41)
A vauum state is dened by a partiular hoie of the mode funtions νn(t). If the
Gaussian wave funtion is given by Eq. (8) with a ertain set of Sn(a) for all n, then the
orresponding mode funtions νn are found from
Sn(t) =
i
νn
dνn
dt
, 0 < a < a1 or a > a2. (42)
The interpretation of the Gaussian wave funtion [Eq. (8)℄ in the Lorentzian regions is that
the quantized salar eld is in the vauum state dened by the above mode funtions νn(t).
The mode funtions νn are determined by Eq. (42) up to an arbitrary onstant fator. It
follows from Eq. (27) that νn(t) satisfy
d2νn
dt2
+ ω2nνn = 0. (43)
This is the usual equation for the mode funtions of the n-th mode of a (resaled) onformally
oupled salar eld. The mode funtions may be normalized by the Wronskian ondition
ν˙∗nνn − ν˙nν∗n = i. (44)
A. The Gaussian state and the adiabati vauum
In the ompanion paper [6℄ we have shown that a Gaussian wave funtion satisfying the
regularity ondition an be interpreted as a single semilassial spaetime with a quantized
eld in a ertain vauum state. In Se. IID we have dened a unique vauum state (the
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Gaussian vauum) that satises the regularity ondition. Now we need to ompare this
Gaussian vauum with a physially motivated vauum in our Lorentzian universes.
Neither the spaetime of the reollapsing universe nor that of the nuleated universe
possess a well-dened asymptotially stati regime. This does not permit one to dene
unique in or out vauum states of the QFT in these spaetimes. However, one an dene
an approximate adiabati vauum of the QFT in a nonstationary FRW spaetime [9℄ if
the adiabati approximation is valid for the mode funtions of the eld. We now show that
the adiabati vauum in fat oinides with the Gaussian vauum state we dened (up to
a small orretion). The dierene between the two vaua is in any ase smaller than the
unertainty inherent in the denition of the adiabati vauum.
We assume that the adiabatiity ondition holds; its preise formulation is
1
ω2
∣∣∣∣dωndt
∣∣∣∣≪ 1 (45)
[see also Eq. (A6)℄. In that ase one an use at least a few terms of the WKB expansion for
Eq. (43). To obtain the WKB expansion, one an introdue a formal parameter λ, dene
ωn(t) ≡ ωn(λt) and use the ansatz
νn(t) =
1√
W (t)
exp
[
−i
∫ t
W (t)dt
]
. (46)
The WKB funtion W (t) is found as an asymptoti series in λ2. The rst few terms are
W = ωn − λ2
(
ω¨n
4ω2n
− 3ω˙
2
n
8ω3n
)
+ ... (47)
Eah derivative of ωn adds a power of λ; at the end we put λ = 1. The true small parameter
of the expansion is the slowness of hange of ωn(t), formalized through |ω˙n| ≪ ω2n and
analogous onditions on higher time derivatives.
The denition of an adiabati vauum depends on the hosen adiabati order k and on an
arbitrary duial time t0. Let the funtion W
(k)(t) give the WKB series [Eq. (47)℄ trunated
up to terms O
(
λ2k
)
. The mode funtion νn(t) desribing the adiabati vauum are required
to oinide with the WKB solution of order k at t = t0. The ondition for this is
ν˙n
νn
+ iW (k) +
1
2
d
dt
lnW (k)
∣∣∣∣
t=t0
= 0. (48)
In an adiabatially hanging bakground, the adiabati vauum of order k gives an apparent
partile reation rate of order k+1 in the adiabati parameter. For a given metri the WKB
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solution is usable only until a ertain nite order kmax after whih the WKB series starts to
diverge.
The ondition of Eq. (48) xes the value Sn(t0). [For omparison, the instantaneous
diagonalization approah sets Sn(t0) = ωn(t0).℄ In Appendix A3 we show that the asymp-
toti series obtained for Sn(t) in the WKB approximation is the same (to all orders) as the
asymptoti series for Sn(t) obtained from the Gaussian vauum. Therefore, the Gaussian
vauum oinides with the adiabati vauum within the auray of its denition.
This oinidene is not spei to the Gaussian vauum. Any other regular Gaussian wave
funtion as found in Se. II C will give a value Sn(t0) dierent by exponentially small terms
of order exp(−2θb). The WKB series ontains terms of order [ω˙n/ω2n]k and is insensitive to
exponentially small ontributions. In other words, the denition of an adiabati vauum of
order k at time t0 ontains inherent unertainties of muh larger magnitude. We onlude
that the regularity of the wave funtion speies a quantum state of the universe that is
indistinguishable from an adiabati vauum of any appliable order.
B. Quantum state of the nuleated universe
Previous work suggests that in the ase of tunneling from nothing (εr = 0) the salar eld
in the nuleated universe should be in the Bunh-Davies (BD) vauum state. Now we an
onsider the ase of tunneling from something (εr 6= 0) and ompare the Gaussian vauum
state in the asymptoti region a→ +∞ with the BD vauum.
In the Shrödinger piture of minisuperspae, the mode funtions νn(t) of a vauum
are determined by the solutions Sn(t) [Eq. (42)℄. Suppose that another vauum state is
determined by another set of solutions S˜n(t) and the orresponding mode funtions ν˜n(t).
The two vaua are related by a Bogolyubov transformation,
ν˜n(t) = ανn(t) + βν
∗
n(t). (49)
We an express the Bogolyubov oeients αn, βn diretly through the funtions Sn(t) and
S˜n(t), as follows. If both sets of mode funtions are normalized [Eq. (44)℄, then αn and βn
satisfy |αn|2 − |βn|2 = 1. We an selet any value of t and express ν˜n(t) and ˙˜νn(t) aording
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to Eq. (49). The solution is
αn = ν˙
∗
nν˜n − ν∗n ˙˜νn, (50)
βn = −ν˙nν˜n + νn ˙˜νn. (51)
Then the physially measurable quantity |βn|2 that gives the mean oupation number in
the mode χn is found (again, independently of a xed value of t) as
|βn|2 =
∣∣∣S˜n(t)− Sn(t)∣∣∣2
4Re S˜n(t)Re Sn(t)
. (52)
In the ase εr = 0 the regular solutions S
±
n (a) of Eq. (17) are unique and are known to
orrespond to the de Sitter-invariant BD vauum [4, 5℄. The dierene between the ases
εr = 0 and εr 6= 0 an be seen from Eqs. (29), (35): the neighborhood of the rst turning
point τ = τ1 ontributes an exponentially small amount to S
−
n (τ2). Therefore the regular
solution in the εr 6= 0 ase [denoted for now S˜n(a)℄ may dier from the BD solution Sn(a)
only by an exponentially small ontribution of order exp(−2θb). From Eq. (52) we nd that
the Bogolyubov transformation relating the two vaua is exponentially lose to the identity
transformation (αn = 1, βn = 0).
We onlude that the Gaussian vauum state derived from the regularity of the wave
funtion ontains an exponentially small number of partiles from the point of view of the
BD vauum.
IV. DISCUSSION
We have shown that a minisuperspae model of quantum osmology with a onformally
oupled massive salar eld admits a vauum state desribed by a well-behaved Gaussian
wave funtion (the Gaussian vauum). Suh a vauum state is provided by a regular Gaus-
sian solution of the form of Eq. (8) and represents a reollapsing universe and an expanding
universe that is nuleated by quantum tunneling. The obtained wave funtion desribes
a single semilassial geometry throughout the Lorentzian and Eulidean regions and does
not exhibit any branhing into dierent semilassial geometries. We have heked the
onsisteny of the WKB approximation, of the Gaussian approximation, and of negleting
the bakreation of the salar eld perturbations. We have also shown that the Gaussian
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vauum desribes both the reollapsing and the expanding universe in quantum states that
are indistinguishable from an adiabati vauum of any meaningful order.
Unlike the denition of an adiabati vauum, our presription for the Gaussian vauum
is not loal. In other words, we annot speify our preferred quantum state at some value of
a < a1 without a full knowledge of the shape of the barrier V (a) and of the funtion ωn(a)
under the barrier. Nevertheless we believe that our hoie of the vauum state is adequate,
for the following reasons. (i) Our presription is in the spirit of the denition of an adiabati
vauum whih was designed to minimize the apparent partile prodution. (ii) The Gaussian
vauum oinides with any adiabati vauum within the inherent unertainty of the latter.
(iii) In the massless ase, where a well-motivated independent denition of the vauum
is available, our presription selets the orret vauum state. (iv) Finally, the Gaussian
vauum represents a xed semilassial bakground geometry. Any exited states built from
the Gaussian vauum using a nite number of reation operators are also well behaved and
represent single geometries. If we wished to onsider tunneling from a dierent state of the
reollapsing universe, e.g., from a squeezed state, it would be more illuminating to represent
that state as an innite superposition of exited states built over the Gaussian vauum,
with eah branh representing a single semilassial geometry. The physial interpretation
of the QFT in resulting spaetimes would be unambiguous. It would be interesting if the
Gaussian vauum (or some state exponentially lose to it) ould be speied by a set of loal
onditions, but at present we are unable to provide suh a speiation.
Our onstrution of the Gaussian vauum is general and not spei to the partiular
physial system we onsidered. The reent work of Bouhmadi-López et al. [10℄ disusses the
quantum osmology of a FRW universe lled with massless radiation eld and a onformally
oupled massive salar eld, in the presene of a positive or a negative osmologial onstant.
They have used the regularity onditions to onstrain the Gaussian wave funtions and
obtained a family of regular Gaussian solutions. This family orresponds to our family of
regular solutions Sn(a), S
−
n (a) parametrized by the boundary value S
−
n (a1) [Se. II C℄. We
have shown in general that all suh regular solutions desribe pratially the same state of
the Lorentzian universes (up to exponentially small orretions). Our onsiderations are
more general than those of Ref. [10℄, where the existene of a family of regular solutions was
demonstrated expliitly in a partiular model with a negative osmologial onstant.
Our analysis an also be applied to artiial situations suh as those treated numerially
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by Rubakov et al. in Ref. [2℄. We may onsider Eq. (23) with arbitrary funtions V (a),
ωn(a) as long as the potential V (a) has the same qualitative behavior as the funtion of
Eq. (6), providing a potential barrier. Our statements about the existene and the behavior
of regular solutions hold for any suitably well-behaved funtions V (a) and ωn(a). The unique
Gaussian vauum an be found either by a perturbative expansion or numerially.
In Ref. [2℄ the funtions ωn(a) and V (a) were seleted so that the resulting Lorentzian
universe had an asymptoti region a→ −∞, where ωn(a)→ ω(0)n = const. The asymptoti
in-vauum is then well-dened and is speied by Sn(a → −∞) = ω(0)n . However, the
Gaussian vauum for suh situations will generally speify Sn(a) suh that
lim
a→−∞
[Sn(a)− ωn(a)] ≡ ∆Sn 6= 0. (53)
The quantity ∆Sn an be found using the methods of Appendix A2. If the adiabatiity
ondition is satised, all ∆Sn are exponentially small. (Note that the potentials used in
Ref. [2℄ do not satisfy the adiabatiity ondition.)
Nonzero values of ∆Sn imply that the in-vauum is an innite superposition of semi-
lassial wave funtions with dierent oupation numbers over the Gaussian vauum. In
fat, it is a squeezed state with squeezing parameters ζn ≈ ∆Sn/2ω(0)n . Even if states with
large partile numbers are exponentially suppressed to the left of the barrier a < a1, ritial
branhing may still our. The under-barrier suppression of lower-energy branhes is also
exponential, and thus one is faed with a quantitative question of whih of the two eets
prevails. The answer to this question is likely to be model-dependent, and it is oneivable
that a wave funtion starting in an in-vauum state in the asymptoti region an exhibit
ritial branhing under the barrier and be dominated by highly exited branhes after the
tunneling. We shall not attempt to address this issue in the present paper.
In the physially realisti ase, when there is no asymptotially stati region, the Gaus-
sian vauum an serve as a suitable denition of the vauum state. The wave funtion for
tunneling from nothing an then be obtained as a limit of tunneling from a small reollaps-
ing universe when the energy of that universe vanishes, ǫr → 0. In this limit, the Gaussian
vauum beomes the de Sitter invariant Bunh-Davies vauum state.
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Appendix A: PROPERTIES OF A REGULAR VACUUM SOLUTION
1. The regularity ondition
Here we analyze the regularity ondition [Eqs. (9) and (30)℄ and demonstrate that the
regularity ondition for all a is equivalent to imposing the regularity ondition only at the
turning point. First we show that if |ζn(t0)| < 1 at some t = t0 within a Lorentzian region,
then |ζn(t)| < 1 for all other t. Then we demonstrate that the ondition |ζn(τ)| < 1 will
hold in the whole Eulidean region a1 < a < a2 if it holds at the turning point a2. [For the
other branh ζ−n (τ), a similar argument will show that the regularity ondition at a = a1 is
suient.℄ No assumptions of adiabatiity of ωn(a) are made.
The funtion ζn(a) is a dierentiable (omplex) funtion satisfying a rst-order dierential
equation with ontinuous oeients, and a Cauhy problem will have a unique solution.
Therefore eah point ζ
(0)
n in the two-dimensional onguration spae (the omplex ζn plane)
has a unique solution ζn(a) starting from ζ
(0)
n at some a = a0.
First, onsider a Lorentzian region (either 0 < a < a1 or a > a2). The funtion ζn(t)
satises Eq. (31) and therefore
Re
[
ζ∗nζ˙n
]
=
1
2
d
dt
|ζn|2 = − ω˙n
2ωn
[
1− |ζn|2
]
Re ζ. (A1)
The quantity 2Re
[
ζ∗nζ˙n
]
is the radial veloity at a point ζn. It follows that any trajetory
ζn(t) starting on the irle |ζn| = 1 will remain on that irle. From uniqueness, it follows
that no trajetory an ross the unit irle: any solution ζn(t) that is not entirely on the
irle is either ompletely inside or ompletely outside of the irle.
Seond, onsider a Eulidean region where ζn(τ) satises Eq. (32). A similar alulation
for |ζn| = 1 gives
1
2
d
dτ
|ζn|2 = 2ωn |ζn|2 > 0 at |ζn| = 1. (A2)
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Therefore all trajetories ζn(τ) that ross the unit irle must go outwards at the rossing
point. The ondition |ζn(τ2)| < 1 guarantees |ζn(τ)| < 1 for all τ < τ2. If we take τ2 to be
the value of τ at the seond turning point a = a2, then the required statement |ζn(a)| < 1
for a1 < a < a2 follows.
2. An approximate solution
The main statement of this setion is the following. If the adiabatiity ondition∣∣∣∣ 12ω2n
dωn
dt
∣∣∣∣≪ 1,
∣∣∣∣ 12ω2n
dωn
dτ
∣∣∣∣≪ 1, (A3)
is satised and ω(t), ω(τ) are slowly-hanging and non-osillating funtions, then there exists
a regular solution ζn of Eqs. (31), (32) whih is always small, |ζn| ≪ 1. The proof is
onstrutive and uses an integral equation for ζn to build a perturbative expansion. The
method is based on a time-dependent perturbation theory; a somewhat similar but more
umbersome treatment is in Ref. [7℄. As a by-produt we shall nd all regular solutions
ζn(a), parametrized by the boundary ondition at a = a2.
It will be onvenient to onsider one equation for ζn as a funtion of one omplex variable
instead of two Eqs. (31)-(32) using two dierent time variables. Start with Eq. (23) and
dene the new time variable θ by
θ(a) ≡
∫ a
a2
ωn(a)√
εr − V (a)
da. (A4)
Here the square root has the standard branh ut, Re
√
z > 0, and the ontour integration
in Eq. (A4) uses a → a + iδ with δ > 0 at the poles a = a1,2. The value of θ is real and
positive for a > a2 and oinides with the phase θ(t) =
∫ t
t2
ωndt. In the Eulidean region
(a1 < a < a2) we obtain, with the above branh ut, θ(τ) = i
∫ τ2
τ
ωndτ . In the Lorentzian
region 0 < a < a1 we have θ(t) = iθb +
∫ t1
t
ωndt, where
θb ≡
∫ τ2
τ1
ωndτ =
∫ a2
a1
ωn(a)da√
V (a)− εr
(A5)
is the under-barrier Eulidean phase and t1,2, τ1,2 are the values orresponding to a = a1,2.
For our purposes it is enough to onsider only the half-plane Im θ ≥ 0.
Denote for onveniene
f(a) ≡ 1
2ω2n
dωn
dt
=
m2a
√
εr − V (a)
2(n2 +m2a2)3/2
. (A6)
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If the adiabatiity ondition is satised, the value of f is everywhere small and we an nd
a bound f0 suh that |f(a)| < f0 ≪ 1.
The equation for ζn(θ) is
dζn
dθ
= 2iζn − (1− ζ2n)f(θ). (A7)
From our analysis in Appendix A1 it follows that a solution ζn(a) whih is regular,
|ζn(a)| < 1 for all a, is uniquely determined by its value at the seond turning point a = a2
(i.e. at θ = 0). Therefore we assume a boundary ondition ζn (θ = 0) = b with an arbitrary
|b| < 1. Then the solution of Eq. (A7) satises an integral equation,
ζn(θ) = be
2iθ −
∫ θ
0
e2i(θ−θ
′)
(
1− ζ2n(θ′)
)
f(θ′)dθ′. (A8)
The integration in Eq. (A8) is understood as ontour integration along e.g. a straight line
onneting 0 and θ. [The funtion f(a) has a branh point at a = in/m and we assume that
an appropriate branh ut is imposed in the omplex θ plane.℄
We assume that |f(θ)| < f0 for the relevant values of θ, where f0 is a xed number.
Then the integral equation for ζn(θ) an be solved iteratively, starting with ζn ≡ 0. This
orresponds to a perturbation theory expansion in f0 for Eq. (A7).
We now show that the iteration of Eq. (A8) always onverges as long as Im θ > 0. Denote
ζ
(k)
n (θ) the k-th element of the iteration sequene. The initial funtion is
ζ (0)n (θ) = be
2iθ −
∫ θ
0
e2i(θ−θ
′)f(θ′)dθ′, (A9)
and the next approximations are found as
ζ (k+1)n (θ) = ζ
(0)
n (θ) +
∫ θ
0
e2i(θ−θ
′)
[
ζ (k)n (θ
′)
]2
f(θ′)dθ′. (A10)
The dierene between suessive approximations is
ζ
(k+1)
n −ζ (k)n =
∫ θ
0
dθ′ f(θ′)e2i(θ−θ
′)
×
([
ζ (k)n (θ
′)
]2 − [ζ (k−1)n (θ′)]2) . (A11)
Now we shall estimate the integral in Eq. (A11) and show that the LHS tends to 0 as k →∞.
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From 0 < Imθ′ < Imθ we get |exp [2i(θ′ − θ)]| ≤ 1. Sine |ζn(θ)| < 1 and |f(θ)| ≤ f0,
we an estimate ∣∣ζ (k+1)n (θ)− ζ (k)n (θ)∣∣
< f0
∫ θ
0
∣∣∣[ζ (k)n (θ′)]2 − [ζ (k−1)n (θ′)]2∣∣∣ dθ′
< 2f0
∫ θ
0
∣∣ζ (k)n (θ′)− ζ (k−1)n (θ′)∣∣ dθ′. (A12)
Starting from
∣∣∣ζ (1)n (θ)− ζ (0)n (θ)∣∣∣ < f0 |θ|, we an prove by indution that
∣∣ζ (k)n (θ)− ζ (k−1)n (θ)∣∣ < (2f0 |θ|)k2k! . (A13)
This sequene learly tends to 0 as k →∞ at xed θ.
In terms of real time variables, Eq. (A8) an be rewritten as e.g. for the S−n branh in
the Eulidean region,
ζ−n (τ) = ζ
−
n (τ1) exp
[
−2
∫ τ
τ1
ωndτ
]
−
∫ τ
τ1
exp
[
−2
∫ τ
τ ′
ωndτ
](
1− [ζ−n (τ ′)]2) f(τ ′)dτ ′. (A14)
We have obtained the solution ζn(θ) of Eq. (A7) for the boundary ondition ζn (θ = 0) = b
(with arbitrary |b| < 1) as the limit
ζn(θ) = lim
k→∞
ζ (k)n (θ) (A15)
of a sequene ζ
(k)
n dened by Eqs. (A9)-(A10).
Now we an show that if a boundary value is small, |b| ≪ f0, then ζn is always small
and at most of order f0 in the adiabati ase f0 ≪ 1. The rst iteration [Eq. (A9)℄ learly
satises
∣∣∣ζ (0)n (θ)∣∣∣ ∼ f0; eah subsequent iteration will only add terms of higher order in
f0. Therefore, the dominant term of the solution is given by Eq. (A9). Sine Im θ ≥ 0,
it is lear from Eq. (A9) that |ζn(θ)| is of order |f0| everywhere. We now only need to
hek that the osillating integral in Eq. (A9) does not aumulate a large value when θ is
large. [This ould happen, for example, in the ase of a parametri resonane when ω(t)
is osillating.℄ By assumption f(θ) is itself a slowly-hanging funtion of θ and we an
approximate f(θ) ≈ f1+ f2θ where f1 and f2 ≡ df/dθ are small onstants of order f0. Then
the integral over one osillation between θ and θ + 2π is∫ 2pi
0
(f1 + f2θ)e
−2iθdθ = iπf2. (A16)
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The value aumulated over many osillations between θ1 and θ2 ≡ θ1 +2πk an be approx-
imated as
k−1∑
j=0
iπ
df
dθ
(θ1 + 2πj) ≈ i
2
∫ θ2
θ1
df
dθ
dθ =
i
2
[f(θ2)− f(θ1)] . (A17)
This value is bounded by |f0|. Therefore the integral of Eq. (A9) remains small also for large
values of θ.
3. An asymptoti series for the adiabati ase
We an use Eq. (A8) to obtain an asymptoti expansion for ζn(θ) if the adiabatiity
ondition f0 ≪ 1 holds. We shall also assume that b ∼ f0. The expansion is in the number
of derivatives in θ as well as in powers of f and is found through integration by parts, e.g.
∫ θ
0
e2i(θ−θ
′)f(θ′)dθ′ ∼ −
∞∑
n=0
e2iθ
(2i)n+1
dnf(θ)
dθn
∣∣∣∣∣
θ
0
. (A18)
Similarly to the argument leading to Eq. (A12), one an show that the iteration sequene
of Eq. (A8) gives a onvergent sequene of asymptoti series in whih the k-th iteration
hanges only terms of order k and higher. Therefore the asymptoti series for the solution
ζn(θ) is the limit of this sequene. [Eah asymptoti series in the sequene, like the series
in Eq. (A18), may not atually onverge.℄ In the Lorentzian region 0 < a < a1 we an omit
the exponentially suppressed terms proportional to exp(2iθ). Then the rst terms of the
resulting asymptoti series are
ζn(θ) ∼ f
2i
+
f ′
(2i)2
+
f ′′ − f 3
(2i)3
+
f ′′′ − 5f ′f 2
(2i)4
+ ... (A19)
(here the prime denotes d/dθ and all derivatives of f are evaluated at the same point θ).
Converted bak to the time variable t, this beomes
ζn(t) ∼ − i
4
ω˙n
ω2n
− 1
8
(
ω¨n
ω3n
− 2 ω˙
2
n
ω4n
)
+
i
16
(
...
ωn
ω4n
− 7 ω˙nω¨n
ω5n
)
+ ... (A20)
This asymptoti series is a power series in the adiabati parameter and neessarily misses
any exponentially small ontributions.
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4. Asymptoti series from the WKB approximation
In the adiabati ase the WKB approximation may be applied to Eq. (43) to obtain a
solution
νn(t) ∝ 1√
W
exp
[
−i
∫ t
Wdt
]
. (A21)
The auxiliary funtion W (t) is found as an asymptoti WKB series. One may iterate the
equation
W (k+1) =
√√√√ω2n − 12 W¨
(k)
W (k)
+
3
4
[
W˙ (k)
W (k)
]2
, (A22)
starting fromW (0) ≡ ωn(λt) and expanding in the formal adiabati parameter λ. At the end
one sets λ = 1. Then the solution Sn(t) is obtained from Eqs. (42), (46) and transformed
into ζn(t) using Eq. (29). The rst terms of the resulting series are
Sn(t) ∼ ωn + ω˙n
2iω
−
(
ω¨n
4ω2n
− 3
8
ω˙2n
ω3n
)
+ ..., (A23)
ζn(t) ∼ − i
4
ω˙n
ω2n
− 1
8
(
ω¨n
ω3n
− 2 ω˙
2
n
ω4n
)
+ ... (A24)
It is lear that Eq. (A24) should oinide with the asymptoti series obtained above in
Eq. (A20) using a dierent approah. An asymptoti expansion in powers of the adiabati
parameter will neessarily miss any exponentially small ontributions, due to the nature of
the power-law expansion. The remaining asymptoti series is unique for a given funtion
ζn(t), whether it was obtained from a WKB expansion or from any other proedure. An
advantage of the method of Appendix A3 is that it an ompute exponentially small terms
in the solution.
5. Existene and uniqueness of the Gaussian vauum
Here we prove that for any ontinuous funtion ωn(τ) on an interval [τ1, τ2] there exists
a unique pair of (omplex) funtions Sn(τ), S
−
n (τ) that satisfy the equations
dSn
dτ
= S2n − ω2n, (A25)
−dS
−
n
dτ
=
[
S−n
]2 − ω2n, (A26)
the regularity onditions for any τ ∈ [τ1, τ2],
0 < ReSn(τ), Re S
−
n (τ) < +∞ (A27)
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and the mathing onditions
S−n (τ1) = Sn(τ1), S
−
n (τ2) = Sn(τ2). (A28)
Consider an auxiliary funtion g(s, τ) dened as the value g(s, τ) ≡ Sn(τ) obtained by
solving Eq. (A25) with the boundary ondition s = Sn(τ2). Due to the uniqueness theorem
for rst-order dierential equations, the funtion g(s, τ) is dierentiable and provides a one-
to-one map of the omplex s plane at any xed τ . It is also lear that g(s, τ) has real values
for real s. From our results in Appendix A1 it follows that 0 < Re g(s, τ) < +∞ for any
s suh that 0 ≤ Re s < +∞ and for τ1 ≤ τ < τ2. The nal useful property of g(s, τ) is
|∂g/∂s| < 1 for 0 < Re s < +∞. We an prove it as follows. The funtion ∂g(s, τ)/∂s as a
funtion of τ satises
d
dτ
∂g
∂s
= 2g(s, τ)
∂g
∂s
,
∂g
∂s
(τ = τ2) = 1. (A29)
This equation determines the funtion ∂g/∂s at xed s as
∂g
∂s
(τ) = exp
[
−2
∫ τ2
τ
g(s, τ)dτ
]
. (A30)
Sine Re g(s, τ) > 0, we obtain |∂g/∂s| < 1 for any τ ∈ [τ1, τ2]. This means, in partiular,
that the map s→ g(s, τ1) dereases the distane between points in the omplex s plane.
Similarly, we dene the funtion g− by solving Eq. (A26) with the boundary ondition
S−n (τ1) = s to nd S
−
n (τ) ≡ g−(s, τ). The funtion g−(s, τ) has the same properties as
g(s, τ).
The problem of nding Sn, S
−
n is now equivalent to solving the algebrai equation
g(g−(s, τ1), τ2) = s for s. The map s → g(g−(s, τ1), τ2) learly has the same proper-
ties as the funtions g and g−. The existene of a real positive solution s > 0 follows
from the fat that the funtions are ontinuous, have real values for real s, and satisfy
0 < g(s, τ), g−(s, τ) < +∞ for 0 ≤ s < +∞. The solution is unique beause if we assume
that s1 6= s2 are two solutions, then the distane between s1 and s2 is dereased after ap-
plying the map s → g (g−(s, τ1), τ2), whih is a ontradition sine by assumption s1,2 are
stationary points of this map. [The unique solution an be obtained numerially by iterating
the map.℄
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6. Uniqueness of the regular solution for innite barriers
Here we onsider the equation
dS
dτ
= S2 − ω2(τ) (A31)
on the interval 0 ≤ τ < +∞. We all a solution S(τ) regular if 0 < ReS(τ) < +∞ for
all τ ≥ 0. The main statement is that Eq. (A31) has a unique regular solution S(τ) if the
funtion ω2(τ) is ontinuous and bounded from below at large enough τ , namely ω(τ) ≥ f
at τ > τ0, with a suitable onstant f > 0.
The tehnial onditions of this statement [ontinuity and a lower bound on ω(τ)℄ are
suient but not neessary. The ontinuity of ω(τ) is used only to ensure that the Cauhy
problem for Eq. (A31) has a unique solution that is a ontinuous funtion of the initial
ondition.
It is enough to onsider the ase ω(τ) ≥ f for all τ > 0 beause a unique regular solution
in a domain τ > τ0 is uniquely extended to a regular solution for 0 ≤ τ ≤ τ0.
Firstly, we prove that any regular solution S(τ) must satisfy
ReS(τ) ≥ f (A32)
for all τ ≥ 0. For this it is enough to show that a regular solution satises ReS(τ) > f − ε
for arbitrary ε > 0. The dierential equation for R(τ) ≡ ReS(τ) is
dR
dτ
= R2 − [ImS(τ)]2 − ω2(τ) ≤ R2 − f 2. (A33)
So the funtion R(τ) annot grow faster than a solution R0(τ) of the equation
dR0
dτ
= R20 − f 2. (A34)
Given a regular solution S(τ) and a point τ1, we an hoose R0(τ) suh that R0(τ1) ≤
ReS(τ1) and then it follows that R0(τ) is a lower bound for ReS(τ) for 0 ≤ τ < τ1. Sine
we know that ReS(τ) > 0, we an use the boundary ondition R0(τ1) = 0 at any τ1 > 0 to
obtain lower bounds on ReS(τ). The general solution of Eq. (A34) is
R0(τ) = f
1− Ae2fτ
1 + Ae2fτ
, (A35)
where A is an integration onstant. It is easy to see that any solution R0(τ) equal to zero at
some large τ must be exponentially lose to f at smaller τ . More preisely, for any ε suh
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that 0 < ε < f and for any τ1 the solution R0(τ) will satisfy R0(τ) > f − ε for 0 ≤ τ < τ1 if
we impose the boundary ondition R0(τ2) = 0 at
τ2 = τ1 +
1
2f
ln
2f − ε
ε
. (A36)
But the range of τ is innite and we an hose τ1 to be arbitrarily large. Sine R0(τ) is a
lower bound for ReS(τ), it follows that ReS(τ) > f − ε for 0 ≤ τ < τ1 with any τ1 > 0.
Therefore, we have shown that any regular solution of Eq. (A31) satises Eq. (A32) for all
τ .
Seondly, we prove that the relative dierene between any two regular solutions S1(τ),
S2(τ) dereases exponentially with diminishing τ . More preisely, for any two values τa, τb
suh that τa < τb,
|S1(τa)− S2(τa)|2
|S1(τa)|2 + |S2(τa)|2
≤ |S1(τb)− S2(τb)|
2
|S1(τb)|2 + |S2(τb)|2
e−2f(τb−τa), (A37)
as long as these solutions satisfy ReS1,2(τ) ≥ f for τa ≤ τ ≤ τb. This an be proved diretly
by using Eqs. (A31)-(A32) to evaluate
d
dτ
ln
|S1(τ)− S2(τ)|2
|S1(τ)|2 + |S2(τ)|2
= 2
|S1|2ReS2 + |S2|2ReS1 + ω2Re(S1 + S2)
|S1(τ)|2 + |S2(τ)|2
≥ 2f. (A38)
From Eqs. (A32) and (A37) we nd that the dierene between any two regular solutions
at τ = 0 must be equal to zero. This follows from Eq. (A37) with τa = 0: the relative
dierene by denition annot exeed 1, and the RHS an be made arbitrarily small by
hoosing large enough τb. Therefore the regular solution is unique.
The existene of a regular solution an be proved by onstrution. We nd a regular
solution S(τ) as the limit of a sequene of solutions that are regular for a nite part of
the interval 0 ≤ τ < +∞. Consider a (real) funtion S (τ ; τ0) dened as the solution of
Eq. (A31) with the boundary ondition S (τ0; τ0) = 0. The funtion S (τ ; τ0) is not a regular
solution beause it satises ReS(τ) > 0 only on the interval 0 ≤ τ < τ0 but not at larger τ .
We now show that the limit of S (τ ; τ0) as τ0 → +∞ is a regular solution. The existene of
the pointwise limit (taken separately at eah τ)
S(τ) ≡ lim
τ0→+∞
S (τ ; τ0) (A39)
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follows from Eq. (A37): the relative dierene between funtions beomes exponentially
small when τ0 grows. It is lear that the resulting funtion S(τ) will satisfy Eq. (A32).
It remains to show that the funtion S(τ) dened by Eq. (A39) is atually a solution of
Eq. (A31). This follows from a ontinuity argument. A solution of Eq. (A31) is a ontinuous
funtion of an initial ondition. Therefore the limit of Eq. (A39) is the same as the solution
of Eq. (A31) with the boundary ondition
S (τ = 0) = lim
τ0→+∞
S (τ = 0; τ0) . (A40)
This ompletes the proof of the existene and uniqueness of the regular solution of Eq. (A31).
Appendix B: APPLICABILITY OF THE APPROXIMATIONS
In this Appendix we analyze the appliability of the Gaussian and WKB approximations
to the Wheeler-DeWitt equation. We use the WKB approximation in two plaes in our
alulation. First, the WKB approximation is used in substituting the Gaussian ansatz into
the Wheeler-DeWitt equation, when all terms of order O(~) are ignored. Seond, the WKB
approximation is applied to Eq. (43). We analyze the latter approximation rst.
1. Using the WKB approximation for Eq. (43)
The WKB ansatz of Eq. (A21) is a good approximation for Eq. (43) as long as
ω˙n ≪ ω2n. (B1)
Comparing this with Eq. (A20), we nd that the squeezing parameter ζn(a) is small if and
only if the WKB approximation is valid.
Consider the behavior of ζn(a) in the Eulidean region where we use the time variable τ
(overdots will denote derivatives by τ). Taking the leading term of Eq. (A20),
ζn(a) ≈ ω˙n
4ω2n
=
m2a
√
V (a)− ε
4(n2 +m2a2)3/2
(B2)
and estimating V (a)− ε . a2, we obtain
ζn(a) <
m2a2
4(n2 +m2a2)3/2
. (B3)
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At xed n, this funtion reahes a maximum at ma = n
√
2, whih gives a bound
ζn(a) <
1
2n
√
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. (B4)
Therefore |ζn(a)| ≪ 1 and the WKB approximation is valid if n ≫ 1. Similarly, one an
show that the WKB is valid if ma ≫ n or if ma ≪ n. The only ase when the WKB may
not apply to Eq. (B2) is when n ∼ 1 and ma ∼ 1 at the same time; the maximum value of
ζn is at most ≈ 0.1 in this ase.
In the Lorentzian region, Eq. (B2) gives at large a
|ζn| ∼ H
4m
. (B5)
The adiabatiity ondition is satised at large a only if H ≪ m. However, we know from
Appendix A1 that the solution ζn(a) remains regular in Lorentzian regions even if the
adiabadiity ondition does not hold somewhere in those regions.
2. Using the WKB approximation for the WDW equation
When we substitute the Gaussian ansatz into the Wheeler-DeWitt equation [Eq. (5)℄,
we disregard terms of order O(~). These terms are ~S ′′0 , ~S
′′
n, and the bakreation term
~
∑
n Sn. The WKB approximation is valid if the disregarded terms are smaller than the
typial magnitude of other terms in the respetive equation. For the rst two terms, the
onditions are
~S ′′0 ≪ V (a), ~S ′′n ≪ ω2n. (B6)
The WKB approximation may only be valid away from the turning points. We nd∣∣∣∣S ′′0V
∣∣∣∣ = |V ′|2V 3/2 ≈ H2 |1− 2λ
2|
λ2(1− λ2)3/2 ; (B7)
this is small when H ≪ 1 away from turning points. We an also verify that
S ′′n =
d
da
[
2m2a
ωn(a)
]
=
n2m
ω3n
≪ ω2n (B8)
for ma≫ n or ma≪ n.
Now we onsider the bakreation of the exited eld modes on the metri. The diver-
gent sum ~
∑
n Sn orresponds to the innite zero-point energy of the osillators χn. We
assume that this innity is absorbed by an appropriate renormalization [9℄. Any nite terms
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remaining after renormalization will be of order of the squared urvature ∼ H4 ≪ 1 and we
neglet them here (see e.g. Ref. [16℄). The remaining orretion due to bakreation onsists
of replaing the eetive potential V (a) by
V (a) + ∆V = V (a)− 2~
∞∑
n=0
n3pn, (B9)
where pn are oupation numbers in the modes χn relative to an appropriate vauum and
we have inserted the multipliity fator n3 [see Ref. [6℄, Eq. (37) for details℄. The average
oupation number in the state of the mode χn haraterized by ζn(a), relative to a vauum
desribed by ζ
(0)
n (a), is found from Eq. (52),
〈pn〉 = |βn|2 =
∣∣∣ζn − ζ (0)n ∣∣∣2
(1− |ζn|2)(1−
∣∣∣ζ (0)n ∣∣∣2) . (B10)
We shall not underestimate 〈pn〉 here if we take ζ (0)n ≡ 0, whih orresponds to the vauum
of the instantaneous diagonalization. The sum over large n an be estimated using the WKB
approximation for ζn [f. Eq. (A20)℄ appliable at large n (as shown in Appendix B 1). The
leading term is
|ζn| ≈
∣∣∣∣ ω˙n4ω2n
∣∣∣∣ . (B11)
In this limit ζn is small and we an take 1 − |ζn|2 ≈ 1. At xed a the squeezing parameter
ζn(a) deays as n
−3
at large n [Eq. (B2)℄. This deay is fast enough so that the sum over
modes in Eq. (B9) onverges. We obtain
∆V
V
∼ 1
V
∞∑
n=0
2n3 |ζn|2
1− |ζn|2
≈
∞∑
n=0
n3m4a2
8(n2 +m2a2)3
≈ m
2
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. (B12)
Sine m ≪ 1 in Plank units, we nd that frational hange in V (a) due to bakreation
is small. [The oupation numbers are omputed here in the instantaneous diagonalization
vauum where ζn is the instantaneous squeezing parameter. The partile numbers in a
higher-order adiabati vauum are expeted to be even smaller.℄
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3. Validity of the Gaussian approximation
In using the Gaussian ansatz, we disregard the terms whih are quarti in χn but retain
the terms quadrati in χn. The Gaussian ansatz gives rise to a quarti term
χ4n
4
(
dSn
da
)2
. (B13)
This term an be disregarded at small enough χn if the following inequality holds,
χ4n
4
(
dSn
da
)2
≪ χ2nω2n. (B14)
The latter ondition gives a orridor around the line χn = 0 in whih the Gaussian ansatz is
valid, |χn| < χmax. We an show that the width of this orridor is never small. The width
of the orridor (divided by a, sine χn is resaled by a) an be estimated using
Sn(a) ≈ ωn + ω˙n
2ωn
(B15)
and Eq. (A9). We nd
(χmax
a
)2
∼ 2ωn(a)
dSn/da
=
2ωn
√
V (a)
a(S2n − ω2n)
= 1 +
n2
m2a2
> 1. (B16)
This expression is bounded from below and therefore the allowed orridor never shrinks to
zero width.
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